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Introduction
• Spatial transcriptomics data provide both genomic and spatial

information

• The structure of the brain differs between subjects → Sam-
ples from different subjects cannot be compared and jointly analyzed
since they are not aligned → challenge of multi-sample analysis

Aim of the analysis: rotate different samples from different subjects
to absorb the unwanted variability caused by the misalignment

Alignment methods based on Procrustes theory: a statistical
shape analysis that aligns matrices using similarity transformations

• 2 matrices → explicit solution: X̂1 = X1R̂, where R̂ = UV ⊤

and U and V derive from the SVD of (X⊤
1 X2)

• More than two matrices → iterative algorithms: the
ProMises model and the Efficient ProMises model (Andreella
and Finos, 2022) provide a unique solution.

ProMises model

Let Xi ∈ Rn×m, i = 1, . . . , N , be the matrices to be aligned. Every Xi is
the rotation of a common reference matrix plus an error term:

Xi = (M + Ei)R
⊤
i subject to RiR

⊤
i = R⊤

i Ri = Im

• Ei ∼ MNn,m(0, σ2In, Im).

• M is the common mean matrix with dimension n×m.

• Ri is the orthogonal rotation parameter. It has von Mises-
Fisher prior distribution with location parameter F and con-
centration parameter k → conjugate prior for the matrix Normal
distribution.

The MAP estimate for Ri is R̂i = UiV
⊤
i , where Ui and Vi derive from

the SVD of X⊤
i M + kF .

Limitations:
• high computational load
• matrices must have the same dimension

Efficient ProMises model
Idea: reduce the computational load of the ProMises model by a
preliminary dimensionality reduction.

Thin-SVD of Xi = LiDiQ
⊤
i , Qi ∈ Rm×n.

Semi-orthogonal transformation: X∗
i = XiQi ∈ Rn×n.

Model:

XiQi = (M∗ + E∗
i )R

∗⊤
i subject to R∗⊤

i R∗
i = In

• The reduced matrices are aligned by the ProMises model → MAP
estimate of R̂∗

i = UiV
⊤
i , where Ui and Vi derive from the SVD of

X∗⊤
i M∗ + kF

• Project the aligned matrices X̂∗
i = X∗

i R̂
∗
i back to the original space

with the inverse transformation Q⊤
i

• If the matrices have the same dimensions → alternative version: thin-
SVD of M̂ =

∑N
i=1 Xi/N = LDQ⊤ → X∗

i = XiQ

Suitable for matrices with different number of columns.

Package overview

4 main functions:

• GPASub: performs functional alignment of a matrix by the ProMises
model with known reference matrix M ;

• ProMisesModel: performs the functional alignment using the
ProMises model with unknown reference matrix M ;

• EfficientProMisesSubj : performs the functional alignment using
the Efficient ProMises model;

• EfficientProMises: performs the functional alignment using the
alternative version of the Efficient ProMises model.

Case study

Data: 2 subjects, 4 samples per subject with different num-
ber of spots (Maynard et al., 2021).

• Different samples have different orientation;

• Match the different samples with the Efficient
ProMises model → EfficientProMisesSubj func-
tion:
>out = EfficientProMisesSubj(data, t = 1,
maxIt = 100, Q = Q, k = k, scaling = F,
centering = F, singleQ = T, l = l)

• At the end of the alignment step, obtain the estimated
mean matrix M̂∗ =

∑N
i=1 X

∗
i R̂

∗
i /N ;

• Project M̂∗ in the space of an image: M̂ = M̂∗R̂∗⊤
1 Q⊤

1

→ obtain a de-noised image → see genes expression
levels on the estimated mean matrix;

• Gene ENC1 highly expressed in Layer 2 and Layer 3.

Sample 1 logcounts gene ENC1

Sample 2 logcounts gene ENC1

gene ENC1 on estimated     

mean image
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